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ABS'TRACT 

I 

The s u b j e c t  of t h i s  paper i s  t h e  t h e o r e t i c a l  a n a l y s i s  of t h e  

of two i n t e r a c t i n g  atcms i n  powers of t h e  e l e c t r o n i c  energy W(R) 

i n t e r a t o m i c  d i s t a n c e  R . h new approach is presen ted  based on 

t h e  Hellmacn-Feynman theorem €or t h e  e l e c t r o n i c  f o r c e  

which i s  w r i t t e n  as  a sum of i n t e g r a l s  over Legendre components of 

t h e  e l e c t r o n  d e n s i t y  expressed i n  e l l i p t i c  coord ina te s .  

of t h e  f i r s t  two components y i e l d s  t h e  formula p rev ious ly  obtained 

by Bingel  f o r  t h e  c o e f f i c i e n t  W2 of R , bu t  a new formula f o r  

W g  which r e p l a c e s  t h a t  found by Bingel u s i n g  p e r t u r b a t i o n  theo ry .  

d'vJ/dR, 

Analysis  
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INTRODUCTION 

The t o t a l  p o t e n t i a l  energy of two atoms A and B a t  a f i x e d  

d i s t a n c e  R a p a r t  may be w r i t t e n  

a r e  t h e  charges  on where W i s  t h e  e l e c t r o n i c  energy and 

t h e  n u c l e i .  A t  extremely s h o r t  range the  i n t e r a c t i o n  i s  dominated 

by nuc lea r  r e p u l s i o n .  As R increases ,  the change i n  e l e c t r o n i c  

energy w i t h  d i s t a n c e  begins  t o  play a r o l e ,  and t o  d e s c r i b e  t h i s  

e f f e c t  it is  n a t u r a l  t o  expres s  W as a power s e r i e s  i n  R : 

‘a’ ‘b 

, -. 

I n  t h i s  equa t ion  WCo) = E, i s  the energy of the  u n i t e d  atom w i t h  

nuc lea r  charge 3 = 2,sZb , and the  c o e f f i c i e n t s  w*, wg, e t c - ,  

a r e  p r o p e r t i e s  of t he  un i t ed  a t o m  which may be i n v e s t i g a t e d  

t h e o r e t i c a l l y .  Since W approaches a f i n i t e  l i m i t ,  W ( o 0  ) , t he  

sum of the  e n e r g i e s  of the  separa ted  atoms, such a series i n e v i t a b l y  

h a s  only a very  s h o r t  range o f  v a l i d i t y .  I n  f a c t ,  i t  i s  n o t  p o s s i b l e  

t o  o b t a i n  the  c o e f f i c i e n t s  

s c a t t e r i n g  measurements, as these very  small d i s t a n c e s  a r e  i n a c c e s s i b l e  

w i t h  p re sen t  techniques.  A t  the s h o r t e s t  range a c c e s s i b l e  at presen t  

W2, e t c . ,  d i r e c t l y  from atomic beam 

1 
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t he  r e p u l s i o n  can be f a i r l y  w e l l  r ep resen ted  by a s i r n ~ i e  exponen t i a l  

term C exp(- IA R ) .  I n  order t o  b r idge  the  gap between t h e  s h o r t  

range exponen t i a l  behavior and the  ve ry  s h o r t  range i n t e r a c t i o n  

descr ibed by equa t ions  (1)  and (2) , ?3ur,lcingf;am therefoz e pi  oposed 

t h e  form 

l 

where p(R) = 1 + p R + p2R * + * e a  i s  a polynomial i n  R . 
I f  t h e  exponent o( i s  given, and some of t he  c o e f f i c i e n t s  Eo, 5 9  

1 

Wg, e t c . ,  a r e  known from un i t ed  atom p r o p e r t i e s ,  chen equa t ion  (3)  

can be used t o  r e p l a c e  the cons t an t  C ,  and semi-empir ical ly  t o  

extend t h e  range of t he  simple exponen t i a l  form. 

The s u b j e c t  of t h i s  paper i s  the quantum mechanical theory of 

1 equa t ion  (2 ) .  Buckingham pointed ou t  t h a t  t he  f i r s t - o r d e r  

c o e f f i c i e n t  W always vanishes  e x a c t l y ,  even f o r  many-electron 

2 
heteronuclear  molecules.  Binge1 obtained gene ra l  expres s ions  for  

t he  c o e f f i c i e n t s  W 2  and W 3  , r e l a t i n g  them t o  simple p r o p e r t i e s  

o f  t he  uni ted atom. However, i n  a t t empt ing  t o  develop the  theory 

f u r t h e r ,  S t e i n e r 3  and I discovered an i n c o n s i s t e n c y  i n  b i n g e l ’ s  

t reatment  of W and found t h a t  t he  corresponding formula f o r  W4 

d iverged.  These conclusions were confirmed by Levine. Furthermore,  

S t e i n e r  and I5 and Levine6 obtained the e x a c t  W3 and W4 ( f i n i t e )  

f o r  t h e  one -e l ec t ron  case,  and Duparc and B ~ c k i n g h a m ” ~  obtained 

1 

3 ,  
4 
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approximate va lues  o f  W2 and W3 f o r  two, t h r e e  and f o u r - e l e c t r o n  

systems. I n  a l l  cases B i n g e l ' s  formula f o r  Wg w a s  c l e a r l y  wrong. 

The f u r t h e r  development of the theo ry  of t he  u n i t e d  atom 

expansion (2) t h e r e f o r e  hinges on t h e  c o e f f i c i e n t  W3 . It can be 

shown t h a t  t h e  p e r t u r b a t i o n  t reatment  used by Binge1 i s  incapab le  of 

y i e l d i n g  t h e  form of W3 

The e x i s t e n c e  of an R term i n  W , and t h e  stumbling block f o r  

t h e  theory,  i s  due t o  t h e  non-analyt ic  behaviour of t h e  e l e c t r o n  

d e n s i t y  a t  t h e  n u c l e i  of atoms and molecules. Although t h e  e x i s t e n c e  

of cusps a t  t h e  n u c l e i  i s  w e l l  known, t h e  consequence of t h e  

coa le scence  of two cusps as R 3 0  have been overlooked. 

i n  t h e  gene ra l  ca se  of many-electron atoms. 

3 

A new approach is  t h e r e f o r e  needed which can adequa te ly  handle  

t h e  mathematical  s i n g u l a r i t i e s  involved. The o b j e c t  of  t h i s  paper 

i s  t o  d e s c r i b e  a n  approach which enab le s  t h e  gene ra l  form of 

t o  be obtained.  

w3 

HELLMA"-FEYNMAN THEOREM FOR ELECTRONIC FORCE 

According t o  t h e  Hellmann-Feynman theorem': t h e  f o r c e  a t t r a c t i n g  

n u c l e i  A and Ei togecher due ts the  z lectrsns  is 
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where a[LjR) i s  t h e  exac t  e l e c t r o n  dens r ty  i n  t h e  molecular system 

AB,  and r , r  are t h e  d i s t 3 n c e s  of t h e  i n t e g r a t i o n  p o i n t  & from 

A ,  B . The p r e c i s e  form of  t he  f o r c e  ope ra to r  i n  t h e  in t eg rand  of  

( 4 )  depends upon t h e  e l e c t r o n i c  coord ina te s  he ld  f ixed  du r ing  t h e  

d i f f e r e n t i a t i o n , a n d  i n  p a r t i c u l a r  on t h e  coord ina te  o r i g i n ;  t h e  va lue  

of  dW/dR is, of  course ,  independent of t h e  choice.  It i s  very  

convenient ,  fo r  a r eason  which w i l l  became apparent  s h o r t l y ,  t o  

t a k e  t h e  o r i g i n  t o  be the  cen te r  of nuc lear  charge C ;  t h a t  i s ,  

on t h e  l i n e  AB a t  a d i s t a n c e  & = t b f ? / t  from atom A and 

Q b  = sAR/2 from atom B as i l l u s t r a t e d  i n  F igu re  1. The 

a b  

e l e c t r o n i c  fo rce  ( 4 )  t hen  becomes 

where the angles  bo, e b  a r e  de f ined  i n  F igu re  1. 

It i s  shown i n  t h e  next  s e c t i o n  t h a t  t h e  behavior  of t h e  

i n  t h e  v i c i n i t y  of t h e  n u c l e i  can  be v e r y  e l e c t r o n  d e n s i t y  

s imply descr ibed  by u s i n g  t o n f a c a l  e l l i p t i c  coord ina te s  

def ined  by 

p 
5J 7 

It i s  t h e r e f o r e  convenient t  t o  r ega rd  p a s  a f u n c t i o n  of 

t 
_ - - - -  

The e l e c t r o n  d e n s i t y  f o r  a l i n e a r  molecule  i n  a s p e c t r o s c o p i c  s t a t e  
i s  independent of t h e  az imutha l  ang le  0 . 
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and R : f = e (I,? ‘p f?.) In  terms of e l l i p t i c  coord ina te s  

the  e l e c t r o n i c  f o r c e  (5) becomes 

where 

The advantage i n  choosing the center  of nuc lea r  charge as o r i g i n  i s  

now appa ren t :  f ( T , q )  i s  an  even f u n c t i o n  of “1 , s o  t h a t  only t h e  

symmetric -component of p i s  r e q u i r e d  i n  t h e  in t eg rand .  

The”force” operator  f may be expanded i n  a series of even 

Legendre polynomials i n  the  v a r i a b l e  : *L 

where 

-. 
+-f 

To o b t a i n  a g e n e r a l  expres s ion  f o r  t h e  f o r c e  component fl , write 

i n  t h e  fortn 

f 
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The i n t e g r a l s  r e q u i r e d  i n  (10) involve  t h e  Legendre func t ions  of t h e  

r l  
Qa ' since 

second kind, 

I n  p a r t i c u l a r  

,On s u b s t i t u t i n g  (9)  i n t o  equa t ion  ( 7 )  it becomes 

- - - - -  
t Equat ion (13) for  fe could be f u r t h e r  reduced by e l i m i n a t i n g  t h e  

by meacs o f  t h e  common r e c u r r e n c e  r e l a t i o n  f o r  Legendre f a c t o r s  5 
func t ions  o f  both k inds .  However, t h e  main i n t e r e s t  i n  t h i s  paper  
i s  i n  the  f i r s t  few components, and t h e  occurrence  of f u n c t i o n s  
of nega t ive  degree i s  inconvenient ;  f o r  i n s t a n c e  QQ,, = 1 
f o r  1 = o . 

Q 



7 

e defined by 
where f$k a r e  tne k g e n d r e  7 - c a q o n e n t s  of 

t l  
h 

-I  

I n  order  t o  o b t a i n  gene ra i  expressions f o r  t h e  c o e f f i c i e n t s  

e t c , ,  i n  t he  m i t e d  atom expansion (21, i t  is next  necessary t o  

i n v e s t i g a t e  the  behaviour of the molecalar d e n s i t y  conponents, 

W2, W3, 

p,& j ~ )  for  s m a l l  values  of R 

CUSP BEHAVIOUR OF ELECTRON DENSITY 

The crux of t h e  problen, of obtaining W3 

as R 3 0 .  

is t o  d e s c r i b e  

The behaviour of t h e  c o r r e c t l y  the  s i n g u i a r i t i e s  i n  p 
e l e c t r o n  d e n s i t y  a s  R becomes small and  f i n a l l y  zero i s  i l l a s t r a t e d  

i n  F igu res  2.  These f i g u r e s  may be regarded as p e r s p e c t i v e  ske tches  

of three-dimensional  s u r f a c e s  i n  whlch ?[1,''2 

v e r t i c a l l y  over a p y  -plane through t h e  molec;lz.r a x i s .  The 

change on going from ( a >  4 ( c )  cap be descr ibed b e s t  i n  t h e  

language of mountaineering: for o rd ina ry  va lues  of R ( F i g m e  a >  

t h e  mountain iandscape consFsts  of two p i n c a c l e s  A and B , 
sepa ra t ed  by 2 c o l ;  when R has decreased t o  a very small  va lue  

(Figure b) t h e  peaks a r e  now higher and joined by a sharp a re te ;  

f i n a l l y  when R i s  zero (Figure e)  t he  s e p a r a t e  peaks A and B 

have coalesced t o  form a c m i c a l  grand p ~ c  a t  C .  

i s  p l o t t e d  

A 

The c r i t i c a l  f e a t u r e  f o r  the e v a l u a t i o n  of W3 5s  the l i n e  



. 
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s i n g u l a r i t y  between A and B for  very  small  ( a c t u a l l y  

i n f i n i t e s i m a l )  R . To desc r ibe  t h i s  f e a t u r e  by means of s p h e r i c a l  

po la r  coord ina tes  r , e  wi th  o r i g i n  C , as B inge l ' s  approach a t tempts  

t o  do, r e q u i r e s  an i n f i n i t e  s e r i e s  

This  i s  a l s o  t r u e  fo r  s p h e r i c a l  po lar  coord ina tes  % , e ,  
and \Tb,eb o r i g i n  B. 

descr ibed  i n  terms of  t he  e l l i p t i c  coord ina tes  1 and 

atomic cusp i s  descr ibed  by the  r a d i a l  coord ina te  V' . 

of Legendre polynomial i n  cos 0 

o r i g i n  A,  

On t h e  o ther  hand, t h e  behaviour i s  a s  e a s i l y  

7! ' as an 

It i s  shown i n  the  appendix t h a t  the  zero  -component of t h e  

e l e c t r o n  dens i ty  i n  a diatomic molecule s a t i s f i e s  t h e  fo l lowing  cusp 

or  boundary cond i t ion :  

Equation (17) i s  t h e  obvious g e n e r a l i z a t i o n  of t h e  cusp cond i t ion  

f o r  t h e  e l e c t r o n  d e n s i t y  12,13 lm(c) of the  un i t ed  atom 

t o  which i t  reduces i n  t h e  l i m i t  R+0 ; t h i s  fo l lows  from t h e  

6 Levine 's  s u c c e s s f u l  p e r t u r b a t i o n  t rea tment  of H 4- r e q u i r e d  
j u s t  such i n f i n i t e  s e r i e s ,  which he h e r o i c a l l y  managed t o  re -sum.  2 
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t UA 
l i m i t i n g  form Y' Furthermore, i f  Po (r) i s  t h e  S-component 

of foA(c) , t hen  through t e r m s  i n  R 

E L L I P T I C  FORCE OPERATOR COMPCNENTS 

and i n  gene ra l  

- _  

Before dW/dR can be i n v e s t i g a t e d  as a f u n c t i o n  of R , i t  i s  

necessa ry  t o  discover  t h e  behaviour of t he  f o r c e  components, ftc'5> 
They do no t  appear t o  have been discussed p rev ious ly ,  a l though t h e  

use of t h e  f o r c e  ope ra to r  i n  e l l i p t i c  coord ina to r  is q u i t e  n a t u r a l ,  

and i s  w e l l  known. 14 

The fol lowing r e s u l t s  a r e  r e a d i l y  obcained from t h e  equa t ions  

(13)  and (14),  by us ing  t h e  elementary properties ' '  of t h e  

The z e r o  and second components cannot always be convenient ly  f i t t e d  

i n  t o  t h e  g e n e r a l  formulae, and a r e  t h e r e f o r e  quoted s e p a r a t e l y .  

Qkc5)- 

f The important r e s u l t  ( I ? )  does not f o l l o w  immediately from 
e q u a t i o n  (17),  bu t  r e q u i r e s  in a d d i t i o n  t h e  c c n d i t i o n  

which ho lds  for  t h e  one-electron case ,  and i s  assumed t o  hold 
i n  gene ra l .  A Similar assumption is  implied i n  equa t ion  (20) .  
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The f i r s t  few components a r e  p l o t t e d  a g a i n s t  

The p o i n t s  t o  be no t i ced  are:  

t o  + 00 as '5 + 1; (b)  a l l  t h e  

asymptot ica l ly  l i k e  or a higher  power; ( c >  a l l  t h e  

except  f2 

i n  F igure  3, 

( a )  a l l  t h e  fA diverge  l o g a r i t h m i c a l l y  

, excep t  {% , behave 

have f i n i t e  i n t e g r a l s  over (1, 00 

c 
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EXPANSION OF ELECTRONIC FORGE 

It i s  now p o s s i b l e  t o  r e t u r n  t o  equa t ion  (15) f o r  t h e  

e l e c t r o n i c  fo rce ,  dW/dR, and i n v e s t i g a t e  its behaviour f o r  small R . 
I n  t h e  p r e s e n t  paper t h e  a n a l y s i s  w i l l  be confined t o  t h e  f i r s t  two 

powers of R i n  dW/dR . Then i t  fo l lows  from t h e  r e s u l t s  of t h e  

l a s t  two s e c t i o n s  t h a t  t h e  terms i n  (15) w i t h  k >/ 2 can be 

neg lec t ed .  To show t h i s ,  consider t h e  -kk t e r m  when R i s  small: 

According t o  Equation (24)  

i s  a c o n s t a n t .  Therefore  

L 

s m a l l  rC and decays exponen t i a l ly  f o r  1a rge r .Thus  t h e  t e r m  f o r  

k = 2 i s  of order  R , and i t s  c o n t r i b u t i o n  t o  dW/dR i s  of 

o r d e r  R , which we  are neg lec t ing .  

2 

3 

A t t e n t i o n  can  t h e r e f o r e  be confined t o  t h e  f i r s t  two terms 

i n  e q u a t i o n  (15), 
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I n  t h e  f i r s t  i n t e g r a l ,  f,($jR) can be r ep laced  by fy(R3/2) 

when R i s  s m a l l  accord ing  t o  equa t ion  (19) .  This  f u n c t i o n  w i l l  

change on ly  ve ry  s lowly wi th  , s t a r t i n g  w i t h  a f i n i t e  va lue  a t  

x = \  . By c o n t r a s t ,  &,cy) i s  i n f i n i t e  (but  i n t e g r a b l e )  a t  5 = 1 

and goes r a p i d l y  t o  ze ro  l i k e  ’5-3 . 
t o  expand the d e n s i t y  as fo l lows ,  

5 

It i s  t h e r e f o r e  a p p r o p r i a t e  

t 

When equat ion  (31) i s  s u b s t i t u t e d  i n t o  t h e  f i r s t  i n t e g r a l  o f  (301, 

and t h e  un i t ed  atom cusp c o n d i t i o n  (18) i s  employed, t h e  r e s u l t  i s  

The second i n t e g r a l  i n  (30) r e q u i r e s  d i f f e r e n t  t r ea tmen t ,  

because the  i n t e g r a l  of  fz d ive rges .  It can  be  handled by t h e  

technique  used above f o r  t h e  terms > 2 ; 
- - - e -  

t T h i s  procedure y i e l d s  t h e  f i r s t  two powers of  R i n  t h e  
expansion of t he  f i r s t  term of ( 3 0 ) ,  b u t  t he  series i s  
asymptot ic  only,  and a d i f f e r e n t  technique  i s  r e q u i r e d  t o  
c a r r y  t h e  a n a l y s i s  f u r t h e r .  
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. 

, 
Now by equat ion  (23)  

(35) 

since p? CC) i s  of order  p2 for s m a l l  r . 
Equations (32) and (35) may now be s u b s t i t u t e d  i n t o  (30)  t o  

o b t a i n  
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By d i f f e r e n t i a t i n g  equa t ion  ( a ) ,  

and the re fo re  by sotriparison 

where t h e  f i e i d  g r a d i e n t  t e r m  i n  

three-dfmensionai  i n t e g r a l .  

W2 has been r e - w r i t t e n  a s  a 

The express ion  f o r  W2 i s  i d e n t i c a l  G i t h  t h a t  eb ta ined  

2 2,15 o r i g i n a l l y  by Bingel  . However, f o r  W BLngel ob ta ined  3 

The e r r o r  i n  B i r g e l ' s  p e r t u r b a t i m  t r ea tmen t ,  which gave t h e  

e n t i r e l y  reasonable  impression t h a t  he  had obta ined  t h e  complete 

formula for  W3 w a s  deep and tinsbspected. I t  w i l l  no t  be d i scussed  

f u l l y  h e r e ,  bu t  i t  suffices t o  s a y  t h a t  t h e  p e r t u r b a t i o n  expansion 

i t s e l f  appears  LC be valid. The EnQsual f e a t u r e  i s  t h e  behaviour  

of t he  p e r t u r b s t i o n  energies as func t ions  of R e From 



t h e  pcFnt o f   vie^ of the p re sen t  paper ,  B inge l ' s  r e s u l t  can be e a s i l y  

der ived and the  e r r o r  is tlicn c k 2 r  to see, The r e c i p e 5  fcr 

o b t a i n i n g  B i n g e l ' s  res-vlt ! 3 S i l  s.nd -che c o s r e c t  resGEt (38), from 

equa t ion  (5) f o r  the e l e c t r o n i c  force are as f o l l o w s ,  Let 

pmCy) = ? , ( Y , M ~ )  b e  t h e  uni ted a tom e l e c t r o n  d e o s i t y .  Then 

The d i f f e r e n c e  is  t h a t  (43.) desc r ibes  c c r r e c t l y  t h e  n m - a n a l y t i c  

behaviour of p 
R = 0 .  

6s R -+0 , whereas (40)  only d e s c r i b e s  it f o r  

w3 It should be added that equat ion (38) agrees  w i t h  t h e  e x a c t  

ob ta ined  f o r  t h e  ground s t a t e  of the one -e l ec t ron  and 

a l s o  f o r  t h e  f i r s t  few e x c i t e d  s t a t e s .  i6 

CONCLUSION 

It is  hoped t h a t  i n  s o l v i n g  t h e  problem of rhe c o e f i i c i e n i  

t h e  b o t t l e n e c k  t o  t h e  furcher  a n a l y s i s  of tRe e l e c t r o r i f c  energy 

expansion has  been remcved, The p r e s e n t  paper shows c l e a r l y  t h a t  

t h e  p e r t u r b a t i o n  t r e i t i nen t  based cn t h e  u c i t e d  atomgwhich appears  

s o  n a t u r a l ,  i s  not  l i k e l y  t o  be a f r ; l i t f u l  means of o b t a i n i n g  terms 

T *  

w 3  

15 
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2 i n  t h e  expansion ( 2 )  beyond t h a t  i n  R . 
Whether a n  expansion of W(R) i n  powers of R can be extended 

i n t o  t h e  range of  va lues  a t  p r e s e n t  a c c e s s i b l e  expe r imen ta l ly  i s  

doubt fu l .  I n  any case, i t  has  r e c e n t l y  been shown t h a t  W(R) i s  

no t  i n  f a c t  a n a l y t i c  a t  R = 0 i n  the  one -e l ec t ron  case, s i n c e  a 

17J6 Such a term w i l l  c e r t a i n l y  appear a l s o  term R l o g  R occurs .  

i n  t h e  many-electron case. However, t h e  a n a l y s i s  of W(R) i n  t h e  

v i c i n i t y  of t h e  un i t ed  atom i s  needed t o  provide  a b a s i s  f o r  t h e  

t h e o r e t i c a l  d i s c u s s i o n  of t he  s h o r t  range  behaviour .  One i s  

reminded of t h e  fundamental  theorem i n  t h e  theo ry  of func t ions ,  

t h a t  t h e  behaviour o f  a f u n c t i o n  i n  a n  a n a l y t i c  domain i s  determined 

by i t s  s i n g u l a r i t i e s  o u t s i d e  t h a t  domain. 

remark t h e  s i n g u l a r i t y  i n  W(R) a t  R = 0 , mentioned above, i s  

i n t r i g u i n g .  

5 
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APPENDIX 

MOLECULAR CUSP CONDITIONS I N  ELLXF'TLC COORDINATES 

The s t a r t i n g  p o i n t  i n  de r iv ing  (17) i s  t h e  n o n - r e l a t i v i s t i c  
11 

Schrodinger equa t ion  f o r  t h e  N e l e c t r o n s  i n  t h e  f i e l d  of t h e  

f i x e d  n u c l e i  A and B . The wave f u n c t i o n  may be regarded as a 

f u n c t i o n  of t he  e l l i p t i c  coord ina te s  'P, II1)f f o r  each e l e c t r o n ,  and 

t h e  i n t e r n u c l e a r  d i s t a n c e  R :  = [yl ,q,l$,;  . . + .  ',&,j,y~) ($di R ) .  

A t t e n t i o n  i s  focussed on one e l e c t r o n ,  say t h e  i t h ,  and t h e  

Schrodinger equa t ion  w r i t t e n  i n  the form (atomic u n i t s )  

where a = Za - Zb. The wave f u n c t i o n  i s  now expanded i n  s u r f a c e  

ha;rmonics i n  2; , # i  : 

L 
t h e  f a c t o r  i nvo lv ing  (T2-1) i s  necessary i n  order  t h a t  @ can be 

a n  e igen func t ion  of ( A . l ) ,  and has merely been e x h i b i t e d  e x p l i c i t l y  



. 
18 

f o r  convenience. By s u b s t i t u t i n g  (A.2) i n t o  (A.11, t he  l a r g e  t e r m  

i n  c u r l y  brackets  becomes 

Equation (A .  1) i s  now i n t e g r a t e d  over a l l  va lues  of '2; , $ L ,  t o  p i c k  

o u t  t he  zero Legendre component. 

r e a r r a n g i n g  t h e  r e s u l t  may be w r i t t e n  

By u s i n g  equa t ions  ( 1 2 )  t and 

? 

where fi' is  t h e  p a r t  of the e l e c t r o n i c  Hamiltonian l e f t  over i n  

equa t ion  (A.l)  a f t e r  removal of t h e  o n e - e l e c t r o n  terms f o r  e l e c t r o n  i. 
r 

Consider now the  l i m i t  x;+l. 
a t  l e a s t  provided t h a t  rj# I for  any o t h e r  e l e c t r o n  j , and no 

two e l e c t r o n s  are a t  t h e  same p o i n t  i n  space .  However, t h e  t e r m  

invo lv ing  t h e  Legendre func t ions  d ive rges  l o g a r i t h m i c a l l y ,  s i n c e  

The term invo lv ing  -64-9 i s  f i n i t e ,  
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Since the Schrodinger equation must be valid for all 

follows that 

ri , it 

A similar relation may be deduced involving the derivatives of the 

odd components with respect to 3,. , but is not required here. 

This infinite sum is not attractive comparison with the 

simple cusp conditions for the zero (symmetric) 

components of the molecular wave function at nuclei A and B ,  

namely 

COS 0,- md Ueb- 

18 

Nevertheless it is condition (A.6) that is needed and not conditions 

(A. 7). 

Consider the form of ( A . 6 )  for small R . In the limit as 

R 3 0  the molecular wave function =$E(YoL becomes the united 

atom wave function q"', and the "I;-component of vw 
A K"* G U h  " I ' I - C  qUA becomes the Xth case.; -component oI' z ' 'Po * 

UA p (r ;etc) is 
1 

Po i an analytic function of r. , it follows that 
of order r' in r Hence qx( ; etc) is of order (Rr;/2) 

-1 
Pur. 

i i *  

when R is small. By analyzing (A .6 )  in this manner it can be 

seen that 
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1 3  It i s  now s t r a igh t fo rward  t o  r e p e a t  t h e  a n a l y s i s  used by S t e i n e r  

i n  t h e  atomic case ,  and d e r i v e  t h e  cusp cond i t ion  (17) fo r  t h e  

e l e c t r o n  dens i ty  component f,(5; f?) . 
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Figure 3. 

Graph of f i r s t  four e l l ip t i c  force operator components - f , ~ ~ )  
de€;ined- by- eTummf.r3),  pTiZTeT-ZgZinst ’ ‘g 

2 ? q ,  6) . -- , . 
(ran-gT 71, hS>. 


